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In this work we consider a problem of computing a large number of eigenvalues in an open real interval $\documentclass[12pt]{minimal}
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                \begin{document}$$J \subset \mathbb {R}$$\end{document}$ and the corresponding eigenvectors of the nonlinear eigenvalue problem (NEP)$$\documentclass[12pt]{minimal}
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                \begin{document}$$T(\lambda )\in \mathbb C^{n\times n}$$\end{document}$ is a family of large and sparse Hermitian matrices for every $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \in J$$\end{document}$. We furthermore assume that the eigenvalues of ([1](#Equ1){ref-type=""}) in *J* can be characterized as minmax values of a Rayleigh functional \[[@CR35]\]. Such problems routinely arise in simulation of acoustic properties of e.g.vehicles or their parts in order to minimize the noise exposure to the passengers as well as to the environment.

The problem of computing a moderate number of eigenpairs of a nonlinear eigenvalue problem at the beginning of the spectrum has been extensively studied. For minmax admitting problems a Nonlinear Arnoldi method was suggested in e.g. \[[@CR29]\] and the Jacobi-Davidson method in \[[@CR4]\]. For more general nonlinear eigenproblems iterative projection methods were considered in \[[@CR1], [@CR7], [@CR11], [@CR14]--[@CR17], [@CR19]--[@CR21], [@CR25], [@CR31], [@CR32], [@CR34]\]. However, the approach in \[[@CR4], [@CR29]\] hits its limitations if a large number of eigenvalues (in particular in the interior of the spectrum) of ([1](#Equ1){ref-type=""}) is needed. To algorithmically exploit the minmax property, one has to project the problem under consideration onto a sequence of search spaces, which dimension is growing with the number of the targeted eigenvalue. For a large number of eigenvalues (or eigenvalues in the interior of the spectrum) this naturally requires an excessive amount of storage and computing time.

In this work we propose a new restart technique which allows to project the NEP ([1](#Equ1){ref-type=""}) only onto search spaces of a fixed, relatively small dimension throughout the iteration. The new restart technique can be integrated with iterative projection methods such as the Nonlinear Arnoldi or Jacobi-Davidson method making them capable of computation of a large number of eigenpairs, possibly in the interior of the spectrum. A preliminary version of the local restart technique was published in \[[@CR18]\].

The paper is organized as follows. In Sects. [2](#Sec2){ref-type="sec"} and [3](#Sec3){ref-type="sec"} we recapitulate the variational characterization for nonoverdamped nonlinear eigenproblems and the iterative projection methods for their solution. The new restart technique is presented in Sect. [4](#Sec9){ref-type="sec"} along with a strategy for dealing with spurious eigensolutions which are an intrinsic part of the interior eigenvalue computation. The resulting framework for restarting of nonlinear iterative projection methods for interior eigenvalue computation is summarized in Sect. [5](#Sec14){ref-type="sec"}. The performance of the restarted methods is demonstrated in Sect. [6](#Sec15){ref-type="sec"} on a range of nonlinear eigenvalue problems with and without minmax property including a real-life industrial gyroscopic eigenvalue problem arising in modeling of the noise radiation from rotating tires. Section [7](#Sec26){ref-type="sec"} concludes the paper with a summary and outlook for future research.

Variational characterization of eigenvalues {#Sec2}
===========================================

Definition 1 {#FPar1}
------------

(*Hermitian Nonlinear Eigenvalue Problem*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$T(\lambda )=\lambda I-A$$\end{document}$, we call the parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \in J$$\end{document}$ an *eigenvalue* of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T(\lambda )x=0 \end{aligned}$$\end{document}$$has a nontrivial solution $\documentclass[12pt]{minimal}
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                \begin{document}$$x\ne 0$$\end{document}$, which we call an *eigenvector* corresponding to $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$.

It is well known that all eigenvalues of a linear Hermitian problem $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _1\le \lambda _2\le \dots \le \lambda _n$$\end{document}$, it is possible to characterize them by the minmax principle of Poincaré

Theorem 1 {#FPar2}
---------

(Minmax principle of Poincaré) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _1\le \lambda _2\le \dots \le \lambda _n$$\end{document}$ be the ordered eigenvalues of $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \lambda _k=\min _{{\mathcal W}\in S_k}\ \max _{w\in {\mathcal W}^1}w^*Aw, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$S_k$$\end{document}$ denotes the set of all *k* dimensional subspaces of $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal W^1:=\{w\in \mathcal W\,:\,\Vert w\Vert _2=1\}$$\end{document}$ is the unit sphere in $\documentclass[12pt]{minimal}
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It turns out, that a similar result holds also for a certain type of nonlinear eigenvalue problems.

Definition 2 {#FPar3}
------------
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                \begin{document}$$f(\lambda ; x):=x^* T(\lambda )x$$\end{document}$ be a real function, continuous in J for every fixed $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} f(\lambda ;x)=0 \end{aligned}$$\end{document}$$has at most one solution $\documentclass[12pt]{minimal}
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                \begin{document}$$p(x) \in J$$\end{document}$, then ([3](#Equ3){ref-type=""}) implicitly defines a functional *p* on some subset *D* of $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathbb C}^n{\setminus }\{0\}$$\end{document}$. We refer to *p* as a *Rayleigh functional*, since it generalizes the notation of the Rayleigh quotient in the variational characterization of the eigenvalues of the linear problem.
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                \begin{document}$$\begin{aligned} f(\lambda ;x)(\lambda -p(x))>0\quad \text {for every }\lambda \in J\quad \text { and }\quad x\in D\quad \text { with }\lambda \ne p(x), \end{aligned}$$\end{document}$$which is a natural generalization of the requirement that *B* is positive definite for a linear pencil (*A*, *B*).

Under these assumptions a variational characterization in terms of the Rayleigh functional has been considered by various authors. To mention a few, Duffin \[[@CR9], [@CR10]\] and Rogers \[[@CR24]\] proved the variational principle for the finite dimensional overdamped problems, i.e. problems for which the Rayleigh functional *p* is defined on the entire space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb C}^n{\setminus }\{0\}$$\end{document}$. Nonoverdamped problems were considered by Werner and the second author \[[@CR33], [@CR35]\].

The key to the variational principle is an adequate enumeration of the eigenvalues. In general, the natural enumeration, i.e. the first eigenvalue is the smallest one, followed by the second smallest one etc. is not appropriate (see \[[@CR33], [@CR35]\]). Instead, the number of an eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda $$\end{document}$ of the nonlinear problem ([1](#Equ1){ref-type=""}) is inherited from the number of the eigenvalue 0 of the matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$T(\lambda )$$\end{document}$ based on the following consideration:

Definition 3 {#FPar4}
------------

(*Minmax induced numbering of eigenvalues*) Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$ a *k* *th eigenvalue of* ([1](#Equ1){ref-type=""}).

Remark 1 {#FPar5}
--------
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Remark 2 {#FPar6}
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With this enumeration the following minmax characterization of the eigenvalues of the nonlinear eigenproblem ([1](#Equ1){ref-type=""}) was proved in \[[@CR33], [@CR35]\]:

Theorem 2 {#FPar7}
---------
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Then the following assertions hold:(i)For every $\documentclass[12pt]{minimal}
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Iterative projection methods for nonlinear eigenproblems {#Sec3}
========================================================

For sparse linear eigenvalue problems, $\documentclass[12pt]{minimal}
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                \begin{document}$$Ax=\lambda x$$\end{document}$, iterative projection methods are well-established and recognized as a very efficient tool. The key idea is to reduce the dimension of the eigenproblem by projecting it to a subspace of a much smaller dimension. The reduced problem is then handled by a fast technique for dense problems. Of course, this idea can only be successful if the subspace used for projection has good approximating properties w.r.t. some of the wanted eigenpairs, which translates to eigenvalues of the projected matrix being good approximations to the wanted eigenvalues of the large sparse matrix. In iterative projection methods the search subspace is expanded iteratively in a way promoting the approximation of the wanted eigenpairs. The generalizations of iterative projection methods to nonlinear eigenvalue problems were discussed in \[[@CR1], [@CR4], [@CR7], [@CR11], [@CR15], [@CR17], [@CR19]--[@CR21], [@CR25], [@CR29], [@CR31], [@CR32], [@CR34]\]. Two representative examples are the Nonlinear Arnoldi and Jacobi-Davidson methods. Both those methods extend the search subspace targeting a particular eigenvalue. In fact, there are no Krylov subspace methods (i.e. methods which as in linear case would admit a polynomial representation of the search subspace) working directly on the nonlinear eigenvalue problem without linearization. While applying iterative projection methods to general nonlinear eigenvalue problems with the objective to approximate more than one eigenpair, it is crucial to prevent the methods from converging to the same eigenpair repeatedly. In the linear case this is readily done by the Krylov subspace solvers or using partial Schur decomposition \[[@CR12]\]. Unfortunately, a similar normal form does not exist for nonlinear eigenvalue problems. While this paper was in review, we became aware of a new approach to avoid repeated eigenpair convergence for general nonsymmetric eigenproblems based on minimal invariant pairs \[[@CR11]\]. For nonlinear eigenvalue problems admitting a minmax characterization, in \[[@CR4], [@CR29]\] it was proposed to use the induced eigenvalue ordering to remedy the problem. Algorithm 1 outlines a framework for iterative projection methods based on enumeration of the eigenvalues as discussed in Sect. [2](#Sec2){ref-type="sec"}.

There are many details that have to be considered when implementing an iterative projection method as outlined in Algorithm 1. The comprehensive review is out of scope of this work. Here, we restrict ourselves to only the essentials necessary for motivation and derivation of the local restart technique in Sect. [4](#Sec9){ref-type="sec"}. For more detailed discussion we refer the reader to \[[@CR29], [@CR31], [@CR32]\].

Initialization {#Sec4}
--------------
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Solution of a projected nonlinear eigenvalue problem (PNEP) {#Sec5}
-----------------------------------------------------------

For nonlinear eigenvalue problem ([1](#Equ1){ref-type=""}) let the columns of $\documentclass[12pt]{minimal}
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There are many methods for solving small and dense nonlinear eigenvalue problems. For polynomial eigenvalue problems linearization is a natural choice, where the enumeration of eigenvalues in the sense of Sect. [2](#Sec2){ref-type="sec"} can be deduced from the natural ordering of the real eigenvalues of the linearized problem. For general nonlinear eigenvalue problems safeguarded iteration \[[@CR23]\] outlined in Algorithm 2 can be used for computing the *k*th eigenvalue of the nonlinear problem.

Subspace expansion {#Sec6}
------------------

In general two approaches to subspace expansion can be found in the literature: Jacobi-Davidson \[[@CR4]\] and Nonlinear Arnoldi \[[@CR31]\] type expansion. Both schemes approximate inverse iteration, which is known to provide a direction with high approximating potential to the targeted eigenpair (cubical convergence for symmetric nonlinear eigenproblems if the eigenvalue approximation is updated with the Rayleigh functional).
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The Nonlinear Arnodi method uses the direction of the residual inverse iteration \[[@CR22]\]$$\documentclass[12pt]{minimal}
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Standard restarting based on global numbering {#Sec7}
---------------------------------------------

As the subspace expands in the course of the algorithm, the increasing storage and computational cost of the solution of the projected eigenvalue problem may make it necessary to restart the algorithm and purge some of the basis vectors. To be able to continue determining subsequent eigenpairs the correct enumeration has to be enforced at the restart.

If *J* contains the first eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _1=\min _{x\in D}\ p(x)$$\end{document}$, then e.g. the safeguarded iteration for the projected nonlinear problem ([6](#Equ6){ref-type=""}) converges globally, i.e. for any initial vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x\in {\mathcal V}\cap D$$\end{document}$, to the smallest eigenvalue of ([6](#Equ6){ref-type=""}) \[[@CR23]\]. Furthermore, if the eigenvectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_j$$\end{document}$ of the original problem ([1](#Equ1){ref-type=""}) corresponding to the eigenvalues $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _j, \, j=1,\dots ,k$$\end{document}$, are contained in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal V$$\end{document}$, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _j$$\end{document}$ is a *j*th eigenvalue of the projected problem ([6](#Equ6){ref-type=""}), as well. Hence, expanding the search space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal V$$\end{document}$ iteratively, and determining the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(k+1)$$\end{document}$st eigenvalue of the projected problems, one gets a sequence of upper bounds to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{k+1}$$\end{document}$ which (hopefully) converges to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{k+1}$$\end{document}$. Thus, the eigenvalues of ([1](#Equ1){ref-type=""}) can be determined quite safely one after the other by the iterative projection method starting with an approximation to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1$$\end{document}$.
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In either case, for the numbering to be preserved, the search subspace after restart has to contain the eigenvectors corresponding to all the preceding eigenvalues in *J* and if $\documentclass[12pt]{minimal}
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Convergence criterion {#Sec8}
---------------------

In the course of our algorithm we accept an approximate eigenpair $\documentclass[12pt]{minimal}
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A local restart technique {#Sec9}
=========================
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Local numbering of eigenvalues {#Sec10}
------------------------------
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### Example 1 {#FPar8}
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### Remark 3 {#FPar9}

Numerically, the local number of the anchor $\documentclass[12pt]{minimal}
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Spurious eigenvalues {#Sec11}
--------------------
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### Remark 4 {#FPar10}
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Local restart framework {#Sec12}
-----------------------
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*Line 13: Check if a new eigenpair has been computed*   Ideally, the converged Ritz pair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\omega ,x_{\omega })$$\end{document}$ is a new eigenpair of the original problem ([1](#Equ1){ref-type=""}). However, it may happen that the algorithm returns a replicate eigenvalue with number smaller than $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i+j$$\end{document}$ or a new eigenvalue $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{\lambda }< \bar{\lambda }<\check{\lambda }=\lambda _{i+j-1}$$\end{document}$ (eigenvalue which has been previously missed out).
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### Lemma 1 {#FPar12}
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### Remark 6 {#FPar13}

In particular if more than one additional eigenvalue exist in $\documentclass[12pt]{minimal}
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*Lines 31--32: Targeting next eigenvalue*   After convergence of the eigenvalue we may continue the iterative projection method aiming at the $\documentclass[12pt]{minimal}
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Automated local restart {#Sec13}
-----------------------

For certain problems, the cost to set up a restart, i.e. time for computing the preconditioner, generating the new search space and the projected problem, is relatively high in comparison to the remaining computations. We can further improve the performance allowing the algorithm to balance those time-consuming tasks automatically.
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Framework for restarting nonlinear iterative projection methods {#Sec14}
===============================================================

Integrating the local restart with the iterative projection methods, we arrive at the framework for restarting of nonlinear iterative projection methods summarized in Algorithm 4.
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Corollary 1 {#FPar14}
-----------
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Exactly as before we can target the eigenvalue with the local number *m* and after it converged, the eigenvalue with the local number $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda ^{\mathcal V}_m$$\end{document}$ is not the first eigenvalue in \[*a*, *b*\] of the original problem ([1](#Equ1){ref-type=""}) because eigenvalues in $\documentclass[12pt]{minimal}
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                \begin{document}$$[a, \lambda ^{\mathcal V}_m)$$\end{document}$. This is less likely to happen if the enumeration w.r.t. the bound *a* is used until the first restart until when the search subspace is large and hence hopefully it includes the first and further consecutive eigenvalues of ([1](#Equ1){ref-type=""}) in \[*a*, *b*\].

We remark, that the missed out eigenvalues and the spurious eigenvalues have exactly the same effect regardless whether the interval bound *a* or the anchor $\documentclass[12pt]{minimal}
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                \begin{document}$$\hat{\lambda }$$\end{document}$ is used to relatively enumerate the eigenvalues i.e. the local number of the eigenvalues following such missed out/spurious eigenvalue is raised. Hence, they can be dealt with in the same way as described in Sect. [4.3](#Sec12){ref-type="sec"}.

Obviously, a very similar strategy can be applied when the anchor pair is not available to the required precision, i.e. its residual norm is above a set tolerance. We incorporated both those important cases in the pseudocode in Algorithm 4.
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                \begin{document}$$n_{locked}$$\end{document}$ eigenpairs in addition to the anchor pair at the restart, to minimize the occurrence of spurious eigenvalues. However the benefits have to be traded off against increased cost of the solution of the projected problems due to larger search subspace dimensions.

Numerical experiments {#Sec15}
=====================

In this section we demonstrate the performance of the local restarts on a range of nonlinear eigenvalue problems. All the tests were performed with the QARPACK MATLAB package \[[@CR2]\] on a desktop machine with two quadcore Intel Xeon X5550, 2.67GHz processors and 48 GB RAM. The LU decompositions and the subsequent system solves for small problems (small gyroscopic problem, "wiresaw1(2000)", "wiresaw2(2000)") were performed using MATLAB built-in LU and for large problems (large gyroscopic problem, delay problem, rational problem, "acoustic wave 1d" problem) with the MATLAB's LU routine with five outputs. For all quadratic problems the projected problems were solved by linearization while for general nonlinear problems with safeguarded iteration.

The results are uniformly presented in terms of elapsed CPU times. We preconditioned the Nonlinear Arnoldi method with the LU factorization of the real part of $\documentclass[12pt]{minimal}
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Table [1](#Tab1){ref-type="table"} holds the details of the behavior of the Nonlinear Arnoldi method with the local restart strategy described in Sect. [4](#Sec9){ref-type="sec"}---Nonlinear Restarted Arnoldi (NRA)---for each of the solved nonlinear eigenvalue problems listed in the first column. The other columns of Table [1](#Tab1){ref-type="table"} from left to right denote: dim: dimension of the eigenvalue problem; type: type of the eigenvalue problem: gyroscopic, general quadratic, exponential, rational; $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda $$\end{document}$: number of computed eigenvalues; CPU\[s\]: CPU time for solution of the nonlinear eigenvalue problem in seconds; PNEP CPU\[s\]: CPU time for solution of the projected nonlinear eigenvalue problems (PNEPs) in seconds; \#iter: number of iterations; \#rest: number of restarts. Values for all problems except for the large tire problem are averaged over 10 runs.Table 1Nonlinear Restarted Arnoldi (NRA) performance for a range of nonlinear eigenvalue problemsNEPdimtype$\documentclass[12pt]{minimal}
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A conservative gyroscopic eigenvalue problem {#Sec16}
--------------------------------------------

We consider a conservative gyroscopic eigenvalue problem$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T(\lambda )x = \lambda ^2 Mx - i \lambda Gx - Kx = 0 \end{aligned}$$\end{document}$$describing for instance the free vibrations of a rolling tire. It is well known that all its eigenvalues are real and occur in pairs $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} x^* T(\lambda )x = \lambda ^2 x^*Mx - i \lambda x^*Gx - x^*Kx = 0. \end{aligned}$$\end{document}$$

### Qualitative properties of the method {#Sec17}

We start with showing some qualitative behavior of our method on a small example of a wheel, composed of solid elements with Mooney-Rivlin material, see Fig. [1](#Fig1){ref-type="fig"}. The wheel is pressed on the track and is rotating at a rate of 50Hz. It is discretized with 450 brick elements with 720 nodes yielding after application of boundary conditions, 1728 degrees of freedom.Fig. 1Solid rubber wheel

For the purpose of comparison we computed all the eigenpairs in the interval \[0,16,820\] by a globally restarted Nonlinear Arnoldi method. This corresponds to the smallest 200 eigenvalues. In all experiments an eigenvalue was regarded as converged if its relative residual norm was smaller than $\documentclass[12pt]{minimal}
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                \begin{document}$$|\sigma - \lambda _k |$$\end{document}$ is to large (see Sect. [3.3](#Sec6){ref-type="sec"}). To prevent the search subspace from getting arbitrarily large we used global restarts which were triggered whenever the search subspace dimension exceeded 230, an absolute threshold on the subspace dimension. In the global restart technique we restart the Nonlinear Arnoldi method with an orthogonal basis of the subspace spanned by all eigenvectors computed so far. The total computing time, and the time spent on solving the projected nonlinear problems for the wheel problem are summarized in Table [2](#Tab2){ref-type="table"}.

In the next experiment we used the same global restart technique, but this time the restart was triggered whenever the dimension of the subspace exceeded the number of the last converged eigenvalue by 30, a relative threshold on the subspace dimension. In this way the average dimension of the search spaces and therefore the time for solving the projected problems were reduced, see Table [2](#Tab2){ref-type="table"}. Plotting the total computing time and the time for solving the projected nonlinear problems in Fig. [2](#Fig2){ref-type="fig"} reveals a super-linear growth. In fact, the CPU time spent on solving the projected eigenproblems itself grows super-linearly, determining the general trend.Table 2Global restarts with absolute and relative thresholdCPU \[s\]PNEP CPU \[s\]\#LU\#restgl. rest. abs. thres.11,88311,72185gl. rest. rel. thres.294127823941Comparison of total CPU time, CPU time for solution of the projected nonlinear eigenvalue problems (PNEPs), number of LU decompositions and restarts

Next, we computed the smallest 200 eigenvalues with Nonlinear Restarted Arnoldi. A restart was triggered whenever the search space dimension exceeded 80 or the convergence rate $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau $$\end{document}$ became larger than 0.5. Only the anchor and the current approximation were kept in the search subspace at restart ($\documentclass[12pt]{minimal}
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                \begin{document}$$n_{locked}=0$$\end{document}$). The experiment was repeated 10 times and the averaged elapsed computing times are shown in Fig. [2](#Fig2){ref-type="fig"}. The super-linear time growth has been effectively eliminated through the local restart strategy. The zoom into the lower end of the spectrum reveals that the global restart can outperform the local restart with fixed search space dimension limit in the initial phase when all the eigenvalues from the beginning of the spectrum are computed (Fig. [3](#Fig3){ref-type="fig"}). However, as it can be seen in Figs. [4](#Fig4){ref-type="fig"} and [5](#Fig5){ref-type="fig"} the local restart with automatic balancing outperforms the global restart also in the initial phase.Fig. 2Global versus local restart for first 200 eigenvalues of the gyroscopic wheel problem Fig. 3Global versus local restart---zoom into the *lower end* of the spectrum in Fig. [2](#Fig2){ref-type="fig"}. When computing the eigenvalues at the beginning of the spectrum in the initial phase the global restart can outperform the local restart with fixed search subspace dimension limit Fig. 4Global versus local restart with automatic balancing for first 200 eigenvalues of the gyroscopic wheel problem Fig. 5Global versus local restart with automatic balancing---zoom into the *lower end* of the spectrum in Fig. [4](#Fig4){ref-type="fig"}. We observe that the balancing effectively restores the superior performance of the local restart over the global restart also in the initial phase Fig. 6Local restart with automatic balancing for eigenvalues in $\documentclass[12pt]{minimal}
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                \begin{document}$$(\lambda _{100} = 11{,}748, 16{,}820]$$\end{document}$ of the gyroscopic wheel problem (eigenvalues $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{101},\ldots , \lambda _{200}$$\end{document}$) Fig. 7Histogram of *left* eigenvalue convergence, *right* spurious value occurrence per interval between consecutive restarts in one run of computation of eigenvalues in (11,748, 16,820\] of the gyroscopic wheel problem

The outstanding advantage of the local restart strategy is its ability of computing eigenvalues in an interval in the interior of the spectrum without the need of computing all the preceding eigenpairs. Using the same local restart strategy we computed all the eigenpairs in $\documentclass[12pt]{minimal}
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                \begin{document}$$(\lambda _{100}=11{,}748, 16{,}820]$$\end{document}$ which corresponds to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda _{101},\dots ,\lambda _{200}$$\end{document}$ using the eigenpair $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\lambda _{100}, x_{100})$$\end{document}$ as the initial anchor. Again for reproducibility of the results we repeated the experiment 10 times. As expected the averaged computing time has been approximately halved from 700 s to 350 s, Fig. [6](#Fig6){ref-type="fig"}. To illustrate typical behavior of the method in more detail, in Fig.  [7](#Fig7){ref-type="fig"} for just one run of the experiment we plotted histograms of the computed eigenvalues and of the occurrences of the spurious eigenvalues in each of the intervals between the consecutive restarts. The corresponding eigenvalue convergence history throughout first 500 iterations is depicted in Fig. [8](#Fig8){ref-type="fig"}. The dots not encircled pin down the occurrence of the spurious values during the iteration e.g. in iterations 98, 159, 213 or 312 in Fig. [8](#Fig8){ref-type="fig"} (cf. histogram in Fig. [7](#Fig7){ref-type="fig"}).Fig. 8Eigenvalue convergence history throughout first 500 iterations of NRA while computing eigenvalues in (11, 748, 16, 820\] of the gyroscopic wheel problem Fig. 9CPU time of NRA and NRJD for computation of eigenvalues in $\documentclass[12pt]{minimal}
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                \begin{document}$$(\lambda _{100} = 11{,}748, 16{,}820]$$\end{document}$ of the gyroscopic wheel problem without automatic balancing

The automated restart strategy described in Sect. [4.4](#Sec13){ref-type="sec"}, can be used to let the algorithm balance the limit on the search subspace size on fly. Using the automated restart with $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{\alpha }=1$$\end{document}$ further reduced the average CPU time to about 130 s, see Fig. [6](#Fig6){ref-type="fig"}.

Figures [2](#Fig2){ref-type="fig"}, [3](#Fig3){ref-type="fig"}, [4](#Fig4){ref-type="fig"}, [5](#Fig5){ref-type="fig"} and [6](#Fig6){ref-type="fig"} demonstrate that using the local restart technique, the cost for computing one eigenvalue is approximately the same throughout the iteration, no matter what is the eigenvalue number. Thus we conclude that the new local restart technique effectively eliminates the super-linear CPU time growth with the number of computed eigenvalues and hence constitutes an efficient method for computing eigenvalues in the interior of the spectrum.

For the purpose of performance comparison of Nonlinear Arnoldi (NA) and Jacobi-Davidson (JD) type subspace expansions, we computed all the eigenpairs of the wheel problem in the interval $\documentclass[12pt]{minimal}
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                \begin{document}$$(\lambda _{100}=11{,}748, 16{,}820]$$\end{document}$ using both subspace expansions. Each of the experiments was repeated 10 times and the performance figures were averaged through 10 runs. The automatic balancing was switched off, to focus on the effect of subspace expansion only. In both cases the methods consistently found all eigenvalues. Nonlinear Restarted Arnoldi (NRA) needed on average 1082.6 iterations and 14 restarts (15 LU factorizations), while Nonlinear Restarted Jacobi-Davidson (NRJD) 876.9 and 11 (12), respectively. Nonetheless, the NRA variant is still slightly faster in terms of the total CPU time, see Fig. [9](#Fig9){ref-type="fig"}. This is due to an JD expansion step being more expensive than an NA expansion step.

The here used preconditioner (LU decomposition of $\documentclass[12pt]{minimal}
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                \begin{document}$$K-\sigma ^2M$$\end{document}$) remains of reasonable quality in the spectrum of interest. The results are in line with our general experience that Nonlinear Arnoldi method is faster whenever a good quality preconditioner is available, while Jacobi-Davidson method is more robust with respect to poor preconditioning \[[@CR34]\].

### NLEVP "wiresaw1" gyroscopic QEP {#Sec18}

As a second example we solve the gyroscopic problem arising from the vibration analysis of a wiresaw, "wiresaw1" from the NLEVP collection \[[@CR6]\] of dimension 2000 and with the NLEVP default value of the wire speed parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$v = 0.01$$\end{document}$. The gyroscopic matrix *G* for this problem is not sparse, hence the moderate choice of problem dimension. In formulation ([10](#Equ10){ref-type=""}) all the eigenvalues are real, and are growing by approximately $\documentclass[12pt]{minimal}
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                \begin{document}$$\pi $$\end{document}$ increment from one eigenvalue to the next.

We computed all 100 eigenvalues in the interval \[317, 629\]. The algorithm was initialized using the lower bound of the interval rather than an anchor. The relative residual tolerance was chosen to $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{\alpha } = 1$$\end{document}$. Figure [10](#Fig10){ref-type="fig"} shows the CPU time and the time for solution of the projected nonlinear problems averaged over 10 runs. The method took on average 1197 iterations with 22 restarts (23 LU decompositions) to compute the 100 eigenvalues. The average total CPU time was 497 s and the time for solution of the nonlinear projected problems 111 s (q.v. Table [1](#Tab1){ref-type="table"}).Fig. 10CPU time of NRA for computation of eigenvalues in \[317, 629\] of the NLEVP "wiresaw1" problem of dimension 2000

### Large sparse gyroscopic QEP {#Sec19}

Our third example is a tire 205/55R16-91H cf. \[[@CR19]\] (see Fig. [11](#Fig11){ref-type="fig"}) provided by Continental AG. The tire is discretized with 39,204 brick elements and 42,876 nodes. The nodes at the wheel rim are fixed resulting in 124,992 degrees of freedom. To account for a complex structure of the tire, 19 different materials are used in the finite element model. The model includes the stress approximating the air pressure in the tire. The tire is pressed on the track and is rotating at a rate corresponding to a vehicle speed of 50 km/h.

We used Nonlinear Restarted Arnoldi method with MATLAB's five output LU routine as a preconditioner and set the tolerance for the relative residual norm to be $\documentclass[12pt]{minimal}
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                \begin{document}$$\alpha =1$$\end{document}$.Fig. 11Continental AG 205/55R16-91H tire

We computed all the eigenvalues in the interval \[0, 20, 000\]. NRA needed 5165 iterations and 22 restarts (23 LU factorizations) to find all 388 eigenvalues in this interval. Figure [12](#Fig12){ref-type="fig"} shows the total CPU time and the CPU time for solving projected nonlinear eigenvalue problems. We observe a slight increase in CPU time per eigenvalue, while we compute the eigenvalues at the lower end of the spectrum, which saturates at about 150th eigenvalue. Here, the reason is an increasing occurrence of spurious eigenvalues in proportion to the number of computed eigenvalues in the initial phase. For the eigenvalues higher in spectrum this effect settles, resulting in approximately constant time per eigenvalue computation. All but one restart were triggered through our automatic balancing strategy, demonstrating its effectiveness.Fig. 12CPU time for NRA for eigenvalues in \[0, 20,000\] of the gyroscopic tire 205/55R16-91H problem

In this example we observed an increased occurrence of spurious values after the restarts. This leads us to believe that retaining some of the previously computed subspace after the restart may help to alleviate this effect, like for instance keeping further $\documentclass[12pt]{minimal}
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We believe that the key to the optimal performance is to balance the subspace growth with the occurrence of spurious eigenvalues. An optimal strategy may include adapting the number of eigenvectors kept in the local basis along with the anchor, $\documentclass[12pt]{minimal}
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                \begin{document}$$n_{locked}$$\end{document}$, in dependence of e.g. frequency of occurrence of spurious eigenvalues in the previous interval.

General nonlinear eigenvalue problems {#Sec20}
-------------------------------------

The following two problems are non-quadratic nonlinear eigenvalue problems. Thus the projected problems are solved by the safeguarded iteration (Algorithm 2). For a general nonlinear function, we do not have an explicit formula for its zeros (and hence for the Rayleigh functional) as it was the case for the quadratic eigenvalue problem but we have to revert to Newton iteration.

In both cases the method was initialized using the lower bound of the interval. The relative residual tolerance was $\documentclass[12pt]{minimal}
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### Delay exponential NEP {#Sec21}

We consider the following delay differential equation on a square domain \[[@CR13]\]$$\documentclass[12pt]{minimal}
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Due to the symmetry of the problem in $\documentclass[12pt]{minimal}
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                \begin{document}$$n_{locked} = 1$$\end{document}$. We computed all 75 eigenvalues in the interval \[150, 250\]. Figure [13](#Fig13){ref-type="fig"} shows the linear dependence of the CPU times on the number of computed eigenvalues. On average NRA method took 485.1 iterations with 8.7 restarts (9.7 LU decompositions) over 247.5 s, 58.2 s of which were spent on solution of the projected problems, Table [1](#Tab1){ref-type="table"}.Fig. 13CPU time of NRA for computation of eigenvalues in \[150, 250\] of the exponential delay problem of dimension 39,601

For problems with double or higher multiplicity eigenvalues, it may be beneficial to consider extension of the restart strategy to block versions of the nonlinear Arnoldi and Jacobi-Davidson methods. Block methods by design are well suited for problems with multiple or clustered eigenvalues, as an entire subspace is iterated simultaneously. In principle, the local restarts can be used within block methods, when we simply iterate a number of eigenpairs, *q*, with consecutive local numbers, say $\documentclass[12pt]{minimal}
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                \begin{document}$$(\lambda _{\ell }, \lambda _{\ell + k+q-1}]$$\end{document}$ would have to be removed which again could be done using block operations. A large number of numerical tests would be necessary to access whether such restarted block method has a significant advantage over the single vector version. A serious discussion of such extension is beyond the scope of the current paper.

### Fluid structure interaction rational NEP {#Sec22}

Our second problem is a rational eigenvalue problem$$\documentclass[12pt]{minimal}
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                \begin{document}$$0<\sigma _1<\sigma _2<\dots <\sigma _k$$\end{document}$ are given poles. Problems of this type arise for example in free vibrations of tube bundles immersed in a slightly compressible fluid \[[@CR8]\].
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The considered matrix problem is a finite element discretization of an elliptic cavity with 9 emerged tubes with 36040 degrees of freedom, it has 9 poles, $\documentclass[12pt]{minimal}
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Using the search subspace with only the anchor locked i.e. $\documentclass[12pt]{minimal}
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                \begin{document}$$n_{locked} = 0$$\end{document}$, we computed all 84 eigenvalues in the interval \[10, 20\]. Figure [14](#Fig14){ref-type="fig"} shows the average total CPU time and CPU time for solution of the projected nonlinear problems with safeguarded iteration. The algorithm took on average 464 iterations with 11.6 restarts (12.6 LU decompositions) over average total CPU time of 275.6 s, 99.1 s of which were spent on solution of projected nonlinear problems.Fig. 14CPU time of NRA for computation of eigenvalues in \[10, 20\] of the rational fluid structure interaction problem of dimension 36,040 Fig. 15CPU time of NRA for computation of eigenvalues with real part in \[317, 629\] of the NLEVP "wiresaw2" problem of dimension 2000

Quadratic eigenvalue problems with eigenvalues with dominant real part {#Sec23}
----------------------------------------------------------------------

The described local restart procedure hinges upon the minmax property of the nonlinear eigenvalue problem. However, observe that if $\documentclass[12pt]{minimal}
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                \begin{document}$$x \in \mathcal V$$\end{document}$. As there is no natural order in the complex plain, in general we cannot infer the number of the eigenvalue. However, if the eigenvalues have a dominant real part $\documentclass[12pt]{minimal}
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                \begin{document}$$(\lambda , y)$$\end{document}$ (e.g. well known issues with convergence of Newton method for complex zeros) we can proceed as in the real case but where the eigenvalues are enumerated w.r.t. the ascending real part. In particular in the polynomial case, the projected polynomial problems can be effectively solved by linearization.

We used such ordering to solve two quadratic eigenvalue problems from the NLEVP collection \[[@CR5]\] which eigenvalues have a dominant either real or imaginary part. The projected problems were solved using linerization and the method was initialized using the lower bound of the interval containing the dominant part of the wanted eigenvalues.

### NLEVP "wiresaw2" QEP {#Sec24}

We consider a quadratic eigenvalue problem arising from the vibration analysis of a wiresaw including the effect of viscous damping, "wiresaw2" problem from NLEVP collection \[[@CR6]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$\eta = 0.8$$\end{document}$, respectively. For this problem both the matrices *C* and *K* are not sparse, hence the relatively small problem dimension. The real parts of the eigenvalues are approximately equal to the corresponding eigenvalues of the "wiresaw1" problem with the same dimension and value of the parameter *v*, and the imaginary part of all eigenvalues is a constant equal to 0.8.

As for "wiresaw1" problem we computed all 100 eigenvalues with the real part in the interval \[317, 629\] using the same initialization and solver parameters. Figure [15](#Fig15){ref-type="fig"} shows the total CPU time and the CPU time for solution of the projected quadratic problems. While the solution for each complex eigenvalue takes longer than for the corresponding eigenvalue of the real problem, the qualitative property that the method needs approximately equal CPU time per eigenvalue regardless of its location in the spectrum is preserved. On average the solver took 1060 iterations in 851 s, 217 s of which were spent solving projected quadratic problems with 11.1 restarts corresponding to 12.1 LU factorizations.

### NLEVP "acoustic wave 1D" QEP {#Sec25}

We consider a quadratic eigenvalue problem$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} T(\lambda )x = \lambda ^2 Mx + \lambda Cx + Kx \end{aligned}$$\end{document}$$arising from a finite element discretization of a 1D acoustic wave equation with mixed Dirichlet and impedance boundary conditions, "acoustic wave 1d" problem from NLEVP \[[@CR6]\]. The matrices *K*, *M* are real symmetric and *C* is a low rank complex diagonal matrix dependent on the impedance parameter. For the formulation ([12](#Equ12){ref-type=""}) all the eigenvalues lie in the upper half of the complex plane and have a dominant real part.

Using NLEVP default value of the impedance parameter $\documentclass[12pt]{minimal}
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                \begin{document}$$N_{\alpha }=1$$\end{document}$. Figure [17](#Fig17){ref-type="fig"} shows the total CPU time and the time for solving of the projected quadratic eigenvalue problems. On average NRA method took 618.1 iterations and 11.1 restarts (12.1 LU factorizations) in 219.5 s, 67.4 s of which were spent on the solution of the projected linearized problems.Fig. 16Eigenvalues with the real part in \[0, 50\] of the NLEVP "acoustic wave 1d" quadratic eigenvalue problem of dimension 30,000 Fig. 17CPU time of NRA for computation of eigenvalues with real part in \[0, 50\] of the NLEVP "acoustic wave 1d" quadratic eigenvalue problem of dimension 30,000

Conclusions {#Sec26}
===========

We presented a local restart technique for iterative projection methods for solution of nonlinear Hermitian eigenvalue problems admitting a minmax characterization of their eigenvalues. We showed how the proposed technique can effectively eliminate a super-linear search subspace growth experienced when computing a large number of eigenvalues. Properly initialized, the method can be employed for computing eigenvalues in the interior of the spectrum. Iterative projection methods here considered work directly on the nonlinear eigenvalue problem without increasing its size and possibly destroying its structure by prior linearization. In this setting we do not have a transformation, like shift-invert for linear problems, mapping the eigenvalues close to a chosen shift to the exterior of the spectrum. In the absence of such transformation, spurious eigenvalues are intrinsic to interior eigenvalue computations and we proposed an effective strategy for dealing with such spurious values. We incorporated the proposed technique in the nonlinear iterative projection methods like the Nonlinear Arnoldi and Jacobi-Davidson methods. We illustrated various aspects of the local restart technique on numerical examples. The efficiency of the new restart framework was demonstrated on a range of nonlinear eigenvalue problems: three gyroscopic problems including a large gyroscopic eigenvalue problem modeling the dynamic behavior of a rotating tire, one exponential and one rational eigenvalue problem. Furthermore, we showed on two quadratic eigenvalue problems how the local restart technique can be extended to problems with complex eigenvalues with a dominant part (either real or imaginary). All the examples in this paper were solved using MATLAB toolbox QARPACK \[[@CR2]\] containing an exemplary implementation of the locally restarted iterative methods ($\documentclass[12pt]{minimal}
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                \begin{document}$$\mathtt {nra}$$\end{document}$: general nonlinear solver). In the future we intend to extend the local restart technique to problems with more general distributions of the eigenvalues in the complex plane, close to a line or an a priori known curve.
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